A conic bundle degenerating on the Kummer surface 



MiCHELE BOLOGNESI 
Abstract 

Let C be a genus 2 curve and SUcC^) the moduli space of semi-stable rank 2 vector bundles 
on C with trivial determinant. In |Bol07j we described the parameter space of non stable 
extension classes (invariant with respect to the hyperelliptic involution) of the canonical sheaf 
w of C with Wp^. In this paper we study the classifying rational map : PExt^{uj,uj~^) = 
P** SL(c{2) = P'^ that sends an extension class on the corresponding rank two vector bundle. 
Moreover we prove that, if we blow up P** along a certain cubic surface S and SUc{2) at the 
point p corresponding to the bundle 0(B0, then the induced morphism ip : Bis — * BlpSUc{'2) 
defines a conic bundle that degenerates on the blow up (at p) of the Kummer surface naturally 
contained in SlAc{'2). Furthermore we construct the P^-bundle that contains the conic bundle 
and we discuss the stability and deformations of one of its components. 

Introduction 

Let C be a smooth genus 2 curve. Let Pic^{C) be the Picard variety that parametrizes all 
degree 1 line bundles on C and 9 the canonical theta divisor made up set-theoretically of line 
bundles L s.t. h^{C,L) ^ 0. We will denote SUciX) the moduli space of semi-stable rank 
2 vector bundles on C with trivial determinant. The description of this moduli space dates 
back almost fourty years ago to the paper |NR69| . Ramanan and Narashiman proved that 
SUc{,'2) is isomorphic to the linear system |20| = P'^ on Pic^{C) and that the semi-stable 
locus is exactly the Kummer quartic surface image of the Jacobian Jac{C) via the Kummer 
map. In this paper we look at SUci^2) in a different frame. Let cu be the canonical bundle on 
C, we consider the space FExt^{Lj,uj~^) =: = \uj^\*. This space parametrizes extension 
classes (e) of u by 

— >uj — > Ee — >uj-^ — ^ (e) 
Therefore there exists a classifying map 



that associates the vector bundle Eg to the extension class (e). Bertram showed in |Ber92 
that ip is given by the quadrics in the ideal 2rc(2) of the curve, that is naturally embedded 
as a sextic in Pf,. In the first part of the paper we describe the fibers of the map (p. Let 
E G i5Wc(2) and Ce the closure ip'^{E) of the fiber of E, then the principal results of section 
1 are the following. 

Theorem 0.0.1 Let E be a stable vector bundle, then dimCE = 1 and Ce is a smooth conic. 



1 



Theorem 0.0.2 Let E be a strictly semi-stable vector bundle, then Ce is singular. If E = 
L © L^^ for L G JC[2]/Oc then Ce is a double line. 

Moreover we show that the fiber over the S'-equivalence class of the bundle Oc © Oc is a 
cone 5* G Pf, over a twisted cubic curve. In Section 2 we blow up Pf; along the surface S 
and 1 29 1 at the origin of the Kummer surface that represents the semi-stable boundary. 
Let Blsif^) be the blow up of P^ and Pg the blow-up of |29|, we describe the induced map 
(f : Bls(JP^) — > Pc) and we prove that the restriction of (p to the exceptional divisors is a 
conic bundle. The main theorem of Section 2 is in fact the following. 

Theorem 0.0.3 The morphism 

^ : Bls{^^) 

is a conic bundle whose discriminant locus is the blow-up at the origin of the Kummer surface 

Moreover we construct a rank 2 vector bundle ^ on P^, such that P(^ © Cpa ) = 5/5 (P^). 
This leads us to prove that our conic bundle can be seen as a section 

ip G Hom(Op2 © Op2j-l),Sym\A* © Op2) © Cp2(-1)). 

This vector space has dimension 16 thus we have a moduli map that associates to a smooth 
genus 2 curve the conic bundle induced by its classifying map. 

S : {smooth genus 2 curves} — > P^^ = FB; 

C ^ (pc- 

In Section 3 we study the stability and the deformations of the bundle A. By applying the 
Hoppe criterion (Prop. I3.1.3p . we get the following Theorem. 

Theorem 0.0.4 The vector bundle A on P^ is stable. 

Finally, via a few cohomology calculations we find the dimension of Ext^{A,A). 

Theorem 0.0.5 The space of deformations of A has dimension dim{Ext^ {A, A)) = 5. 

Acknowledgments: I would like to thank my Phd advisor Christian Pauly for his sugges- 
tions, Chiara Brambilla for a useful advice and Yves Laszlo for posing the problem of the 
deformations of the vector bundle A. 
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1 The classifying map 



1.1 Preliminaries on extension classes 

Let C be a smooth genus 2 curve and A the hyperelliptic involution on C; we will denote W 
the set of the Weierstrass points of C. Let also Pic'^{C) be the Picard variety parametrizing 
degree d line bundles over C and Jac{C) = Pic^{C) the Jacobian variety of C. We will 
denote the Kummer surface obtained as quotient of Jac{C) by ±Id and the quotient 
of Pic^{C) by the involution r : ^ i— ® Moreover we remark that the 16 theta 

characteristics are the fixed points of the involution r. Let C Pic^{C) be the Riemann 
theta divisor. It is isomorphic to the curve C via the Abel-Jacobi embedding 



Aj-.C ^ Pzc\C), (1) 
p ^ Oc{p). 

Let SUci'i) be the moduli space of semi-stable rank two vector bundles on C with trivial 
determinant. It is isomorphic to = |26|, the isomorphism being given by the map |Bea88| 



9:SUc{2) — > \2Q\, (2) 

E ^ e{Ey, 

where 

e{E) := {L G Pic\C)\h\C,E(^L) ^ 0}. 

With its natural scheme structure, 0{E) is in fact linearly equivalent to 20. The Kummer sur- 
face is embedded in |29| and points in correspond to bundles E whose S-equivalence 
class [E] contains a decomposable bundle of the form M © M~^, for M G Jac{C). Further- 
more on the semistable boundary the morphism 9 restricts to the Kummer map. 
Let oj be the canonical line bundle on C . We introduce the 4-dimensional projective space 

:= I'Ext^{uo,uo-'^) = \uj^\*. 
A point e G corresponds to an isomorphism class of extensions 

— >uj-^ — > Ee — >uj — ^ 0. (e) 
We denote by ip the rational classifying map 

cp-.Ft |20| 

e I— > S-equivalence class of E^. 
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Let Xc be the ideal sheaf of the curve C C P^, Bertram ( |Ber92| . Theorem 2) showed that 
there is an isomorphism (induced via pull-back by if) 



H\SUc{2),0{2Q)) = H\¥llc®0{2)). 



Therefore the classifying map ip is the rational map given by the full linear system of quadrics 
contained in the ideal of C C Pf,. In fact the locus of non semi-stable extensions is exactly 
represented by C, as the next lemma shows. 

Lemma 1.1.1 jBerO^ Let (e) he an extension class in and Sec{C) the secant variety of 
C C Pf,, then the vector bundle Ee is not semistable if and only if e G C and it is not stable 
if and only if e & Sec{C) . 

Remark 1.1.2 One can say even more. In fact, given x,y & C the secant line xy is the 
fiber of ip over the S-equivalence class of uj{—x — y) ® uj~^{x + y). 

This implies directly the following Corollary. 

Corollary 1.1.3 The image of the secant variety Sec(C) by the classifying map ip is the 
Kummer surface C |29|. 

The hyperelliptic involution A acts on the canonical line bundle over C and on its spaces 
of sections. A straightforward Riemann-Roch computation shows that h^{C,u^)* = 5. Let 
TT : C — s> P^ be the hyperelliptic map. There is a canonical linearization for the action of A 
on u that comes from the fact that u = %* Opi(l). In fact, by Kempf's Theorem f |DN89| . 
Theoreme 2.3), a line bundle on C descends to P^ if and only if the involution acts trivially 
on the fibers over Weierstrass points. Thus we choose the linearization 6 : X*uj — > u that 
induces the identity on the fibers over Weierstrass points. This means that 



for every Weierstrass point Wi. Moreover we have that dA^. = —1, which implies, via the 



Atiyah-Bott-Lefschetz fixed point formula ( |GH78| . p. 421), that 

h%C,uj^)+-h%C,uj^)^ = 3. 
Since h^{C,uj^)+ + h^{C,uj^). = 5, this means that h^{C,uj^)+ = 4 and h^{C,uj^)_ = 1 and 



Tr(A : L 



Lwi) — 1, 



we can see that 
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1=1 



Furthermore, we have 




4 



thus the points ofF^_^ := Pif°(C, o;^)^ represent involution invariant extension classes. We 
have studied this classes in |Bol07| : in this paper our aim is to describe more precisely the 
classifying map. 

1.2 The fibers of the classifying map 

Let p e = 1 29 1 be a general point, then the fiber ip~^{p) is the intersection of 3 quadrics 

QinQ2nQ3 = ^-\p). 

If dim{ip~^{p)) = 1 then the fiber (p~^{p) is a degree 8 curve. Since C C v^^^(p) and 
deg{C) = 6, the residual curve (p~^{p) — C is a conic. 

We will often denote V the space of global sections H^{C,uj). 
We have the following equality 

H%C,uj^)+ = Sym^V 

and we denote X C F{Sym^V*) the twisted cubic curve image of FV = via the cubic 
Veronese morphism. Let's consider now the linear subspace < D > of Pf, generated by the 
points of a divisor D G \uj'^\. Since D G Icu^l, we can write it down as 

D = a + b + X{a) + X{b) 

for a,b & C. Furthermore we remark that the annihilator of < D > is if''(C, a — b — 
A (a) — A(6))), that has dimension equal to 2. This means that the linear envelop < -D > is 
a P^, and we shall denote it as P^^. 



Proposition 1.2.1 fLNS,"^ Let c,d e C and e e an extension 



— >uj-^ ^Ee^u — >0. 
Then e G P^^^ if and only if it exists a section [3 G H^{C, Hom{u^^, E)) s.t. 

Zeros{TTe o (3) =c + d + A(c) + X{d). 

We will denote [Oc © Oc] the S'-equivalence class of the rank 2 bundle Oc © Oc- 

Proposition 1.2.2 Let 

I 3|* ^p4 p3 ^ |2@| 

\ \ UJ II 

be the classifying map. Then the closure of ip~^{[Oc © Oc]) is the cone S over a twisted 
cubic curve X C Pi^, , . 
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Proof: The vertex of S is the point x = Pif''(C, cu^)"! G F"^, that is the projectivized anti- 
invariant eigen-space. This means that every line contained in is a secant of C invariant 
under the involution of Pf,. Such a secant line can be written as pX{p). The image of such 
a secant line via ip is the origin, hence S C ip~^{[Oc © C'c])- In order to prove the opposite 
inclusion we remark that a vector bundle E contained in the S'-equivalence class of the origin 
satisfies the following exact sequence 

— >Oc^E — >Oc — >0. 

This implies that the trivial bundle is a sub-bundle of E. 
Let us consider the morphism ^, composition of Ue and tte: 

<, : Oc — > E — > ijj. 
Then b G H'^{C,lj) = Hom{Oc,uj) and we obtain the following diagram. 

Oc 

^ uo-^ ^ E ^ u ^ 0. 

This means that the morphism ^ is a section of H^{C,uj) and its divisor is of type a + A(a) 
for a G C Because of Proposition 11.2.11 this implies that the extension classes contained 
in the fiber ip^^iXOcQOc]) belong to an invariant secant line, therefore ip~^{\Oc®Oc\) C 

We will see that the map ip defines a conic bundle on |29| — [Oc®Oc\- We will now describe 
the fibers of (p on the open set complementary to the origin. 



Let E G SUc{^) we will call Ce the closure (p~^{E) of the fiber of E. 

Theorem 1.2.3 Let E be a stable vector bundle, then dimCE = 1 andCE is a smooth conic. 
Proof: Let ii^ be a stable bundle and e the following equivalence class of extensions 

— >uj'^ — > Ee = E — >uj — >0 (3) 

For a general bundle E, Ce has dimension equal to 1. In fact for a genus 2 curve the 
Riemann-Roch theorem gives x{Elj) = 4 + 2(— 1) = 2. Moreover, by Serre duality, we have 
h\Euj) = h^{E*) and h^{E*) = h°{Hom{E, Oc)) = because E is stable. 



We define the following map 



j : f~\E) — ^ ¥H\C, Euj) = P\ 
e ^ j{e), 
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that sends the extension class e & Ce on the point of Pi^°(C, Eu) corresponding to the first 
morphism of the exact sequence [3l This map has degree 1 and it is not defined on the points 
of Ce n C. 

Furthermore we remark that the projection from SUc{'^) with centre [Oc © Oc\ can be 
described in the following way. 

A : 5Wc(2) — ^ = \u\ 
E ^ D{E). 

Here by D{E) we mean the divisor on C with the following support. 

Supp{D{E)) = {pe C\h\E ® Oc{p)) ^ 0}. 

In fact the projection from O is exactly the restriction to C, embedded in Pic^{C) via 
the Abel-Jacobi map of equation [H of the map 9 from equation [21 Now we consider the 
determinant map 

/\H%Eu;) H\u;% 

s At Zero{sAt). 

Let p G C be a point of the curve, if p G Zero(s A t) then there exists a non zero section 
Sp G H^{C,Euj{—p)). Hence h^{C, Eu{—p)) ^ 0. Moreover, if we make the hyperelliptic 
involution A act on Euj{-p) we find that Euj{-p)) = h^{C, E^Oc{p)) j^O. This im- 

plies that the zero divisor of s A t is D{E). Now D{E) has degree 4 and for every p G D{E) 
it exists a section Sp. We remark then that the morphism j is surjective on the open set 
FH'^i^C, Euj)/{sp\p G D{E)}, that means that it is dominant. 

In order to end the proof we need 3 technical lemmas. 

Lemma 1.2.4 Let D E |u;^| be the divisor a + b + A(a) + lambda{b). The image of 

is the fiber of A over D, i.e. the line passing by [Oc © Oc] and the point corresponding to 
D in \uj'^\. 

Proof: We remark first that D = Cn P^j,, because H^{C,uj^{-a - 6 - A(a) - A(6) - c)) = 
H^{C,u! — c) = 1 for every c G C This implies that the restriction 
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is given by quadrics passing by the four points of D . The space of quadrics on has 
dimension 5 and we impose 4 independent linear conditions. So the image of P^^ via 9?|p2^ is 
aP^cP^ 

Let e be an extension class in P^^ and E^. its image via in SUc{'2). Now, by Proposition 
11.2.11 the extension e belongs to P^^, if and only if it exists a section a G H^{C, Hom{u}~^, E)) 
s.t., using the notation of the following diagram, we have Zeros(7re o a) = D. 



CO-' 



^ UJ-' ^ Ee ^ u; ^0. 
This implies that a and ie are 2 independent sections of Eoj and Zeros(ie /\ a) = D. □ 



Lemma 1.2.5 Let E G SUci'i), then we have the equality 

Ce^C = D{E). 

Proof: Let c,d E C and let us suppose that D{E) = c + d + \ {c) + X{d) . We remind that P^^ 
is the plane s.t. c + d + X{c) + \{d) C P^^. By Lemma fl. 2. 41 the fiber Ce is a conic contained 
in P^^ and passing by the 4 points of D{E). Since D{E) = C H P^^ we obtain the equality 
CeHC = D{E)n 

Lemma 1.2.6 Let E G iSWc(2) be a stable bundle, then we have a decomposition 

H\C, Euj) = H\C, Euj)+ ® H\C, Euj)_ 
of H^{C,Euj) in two eigen-spaces of dimension 1. 

Proof: We will use the Atiyah-Bott-Lefschetz formula, so we must choose a linearization 

v.\*E^E 

for the action of A on £" and watch how it acts on the fibers over the points of W. The 
bundle E is an extension 

— yuj-' — ^ E — ^uj — ^0 

so a linearization on E is defined once one chooses two linearizations on u and uj~' . We have 
already chosen 

5 : X*UJ > OJ 
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that acts trivially on the fibers over the points of W. For the line bundle uj~^ we have two 
diff'erent choices: the linearization that acts trivially on the fibers over the points of W and 
its inverse. Let x G W, then we can decompose 

E^ = u;^®uj^\ (4) 

If we choose the first linearization on tu"^ then, by Kempf Lemma, the vector bundle E 
would be the pull-back of a bundle F over defined by the exact sequence 

— ^C»pi(-1) — >F — >C»pi(l) — ^0. (5) 

We remark that the only vector bundle on that verifies the exact sequence ((51) is Cpi (— 1)© 
0pi(l) and it is not semi-stable. Then the choice of 5 as a linearization for u forces us to 
choose the linearization 

6 : X*u-^ ^ iJ-^ 

that induces —Id on the fibers over the points of W. We recall that /i°(C, Eoj) = 2. Thanks 
to the decomposition (111) the trace of the linearization 5 © 5 is zero. Then by the Atiyah- 
Bott-Lefschetz formula we have 

h%C,Euj)+-h%C,Euj)^ = 0, 

that means 

h\C,ELo)+ = h\C,Eu)- = 1. 

□ 

Continuation of the proof of Theorem \1.2.3[ - 

Thanks to Lemmas 11.2.41 and 11.2.51 we can extend the morphism j to the closure Ce = 
(p~^{E). We send every point p G D{E) on the section Sp that vanishes in p. We will denote 
this morphism 

The conic C^; is either smooth, or the union of two disjoint lines, or a double line. The 
morphism j is surjective on P^ and its degree is 1. Then it exists a morphism r s.t. j o t = 
/dpi. This means that we have an isomorphism between P^ = FH^{C, Eu) and a component 
of Ce- The morphism r is equivariant under the action of A and by Lemma [1.2.61 the space 
H^{C,Elj) has two eigen-spaces. This means that the component that is image of r must 
cut P^_,_ in two different points, that means that C^; is a smooth conic. □ 

Theorem 1.2.7 Let E be a strictly semi-stable vector bundle, then Ce is singular. If E = 
L © L'^ for L G JC[2]/Oc then Ce is a double line. 
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Proof: If the bundle E is strictly semi-stable we know, by Lemma ll.l.ll and Remark 11.1.21 
that the fiber consists of two lines so it is either a rank 2 or a rank 1 conic. Moreover 
the fibers over the points of JC[2]/Oc are the double lines WiW], for Wi,Wj two different 
Weierstrass points. These are all the A-invariant couples of points, that means that the 15 
2-torsion points are the rank 1 locus. □ 



2 The conic bundle 

In the following, we will often denote the linear system \uj'^\. We will now define a rank 
2 projective bundle £ on strictly connected to the classifying map. 

Since the rational map 

A : SUc{2) Fl 

is surjective, every point of can be represented by a divisor A{E) for a semi-stable bundle 
E on C. We start by constructing a rank 2 vector bundle ^ on P^. Let us first define the 
fiber Ae over the point A(£'): we want that Ae C iJ°(C, cu^);^ and that its dual is the 
cokernel of the natural multiplication map 

H\C, uo) H\C, uo^)+ ^A*E^Q. (6) 

Furthermore we can generalize the sequence [6] to an exact sequence (in fact a global version 
of the one just defined) of vector bundles on P^. In order to do this we define a new rank 2 
vector bundle Q on P^. 

We remark in fact that it exists a natural morphism of vector bundles 

z/ : Op2 (-1) — > H\C,uj^) ® Op2 

that sends the fiber over one point p on the line in H^{C, a;^) whose projectivized is p . Now 
we twist by H^{C,u) the morphism u: we get the morphism 

Idnoicu.) ® z/ =: z/' : H%C,uj) ® Op2 (-1) — > H\C,uj) ® H\C,uj^) ® 0^2. 
Moreover it exists a natural multiplication morphism 

/i : H%C, uj) ® H\C, uj^) ® Op2 — > H^{C, uj^)+ ® Cp2 . 

We define 

g := H°{C,Lu)0Op2{-l) 

and the injective morphism 

a :=/ioz/' : G — >H%C,uj^)+0Or2. 
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The bundle S is in fact a sub-bundle of Op2 if°(C, 0;^)+: the fiber over every A{E) e 
is composed by the divisors of H°{C,uj^)+ of the form A{E) + S, with S e H^{C^uj). We 
define 

A* coker{a : g — > H^{C,uj^)+ ® 0^2) 
and we get the following exact sequence of bundles on P^. 

— >G — > Op2 ® //°(C, — >A*^Q. (7) 

Definition 2.0.8 We define the vector bundle £ on P^ as 

UJ 

The situation is resumed in the following diagram. 

¥S ^ \uj^\* X P2 

I I (jJ 

I I 
i i 

WA ^ WSym^V* x P^ 
\ i 

Let y e P^. Then we can identify y and a divisor a + 6 of degree 2 on X, with a, & e X. The 
fiber P^j, is the secant line ah to X C ¥Sym^V* and ^£y is the plane < ah,x >C \oJ^\* ■ 

Let 

be the projection with centre x. 

Proposition 2.0.9 We have a commutative diagram of rational maps 

Pf, --^ |Jc(2)|* = p3 

I I 
ipr^ i A 

where (f) is defined as follows. Given a t e P^ \ X, let k be the only secant line to X passing 
by t. The application (j) sends t on the pencil P^ C |Xx(2)| given by the quadrics vanishing 
on the union X Ult. 
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Proof: First we show that there exists a unique secant line / to X that passes by t. Projecting 
X with centre t we remark that the image is a plane cubic, that has one knot by the genus 
formula. This implies that there exists a unique secant line to X passing by t. Moreover the 
projection pvx induces an isomorphism 

pr:\Ixi2)\ = \Is{2)\. 

Since if^i^O) = S (Prop. I1.2.2p and A is the projection with centre [C © C], the diagram 
commutes. □ 

Remark 2.0.10 The map (f) can be defined in a different way. Since 

p2 ^ FSym'^H^{C,u) , is the map that sends t G P^^_ \X on the pair of points of X cut 
out by the unique secant line It to X passing by t. 

Let Blx^^^ be the blow-up of P^_|_ along the twisted cubic and 

the projection on P^_,_. Since X is scheme-theoretically defined by the 3-dimensional space 
of quadrics Ixi^) it exists a morphism that makes the following diagram commute. 

BlxK+ 

// i \ 

XCP3+ -U P2 

Hence the morphism defines a P^-fibration on P^. Futhermore the exceptional divisor 
E C BlxV'^^ is the projective bundle F{Nx\p3_^) of the normal bundle of X C Pi^_^. 

Lemma 2.0.11 We have an isomorphism 

iVx|p3 = Opi(5) © Cpi(5). 

Proof: Let 



^■■^v ^ P^+; 

r 1 r S 2 2 31 

[u : v\ 1-^ [u : u V : vu : f J; 
be the Veronese embedding. We have the following exact sequence. 

^ Tx ^ i*T^l^ iVx|p3 0. (8) 

Since X = P^ we have Tx = Opi(2). Then we pull-back via i* the Euler exact sequence and 
we get 
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— ^Cpi Opi(3)®^ ^ rTp3_^ — > 0. 

Let / be a local section of Opi and u, v the coordinates on P^, then we can write the morphism 
k down in the following way 

k:Opi — > Cpi(3)®^ 

/ ^^ {u^l,u^vl,uv'^l,v^l). 

We denote X,Y,Z,T the coordinates on (9pi(3)®^. Moreover the morphism h is given by 
the equations of the line image of Opi in Opi(3)®'^. Therefore we have 

/i:Opi(3)®^ — > z*Tp3^; 

(X, F, Z, T) ^ {vX - uY, vY - uZ, vZ - uT) . 

Hence we have i*Tp3 = (9pi(4)®^ and we can rewrite the exact sequence (l8]) in the following 
way 

Opi(2) ^Tx^ Opi(4)®=^ = z*Tp3^ — . iVxipa — ^ 0, 

where di is the differential of i. On the affine open set {v ^ 0} the morphism di is defined 
by the following equations 

di:Opi{2) — > Opi(4)®^ 

I (-^ {Slu^ , 2luv , Iv) . 

Let (C, F) be the coordinates on (9pi(4)®^, then the equations of the line image of Opi(2) 
in Opi(4)®3 are 

{vA-uB,vB -uC); 
this implies that A^x|p3 = Cpi(5) © Cpi(5).n 

Since Opi(5) © Opi(5) = (Cpi © Cpi) © Cpi(5), we have 

F{Nx\pb) = X X ^ X P\ 

We will denote 

a -.FA — > F^^ 

the projection of the projective bundle and E the exceptional divisor in -B/xIPf,+ - 
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Proposition 2.0.12 There exists an isomorphism of projective bundles on 

^ BlxK+ 

Proof: Let x G P^, a + 6 the divisor on X that corresponds to x and t G fAx- We recall 
that ^ is a sub-bundle of Ops ® if''(a;^)l and the projectivization gives us an embedding 



k:FA ^ P^ X P^+. 



Moreover we have 

k{FAx) = ^ C P^+. 

We will often consider P^ as a sub- variety of P^ x Pf,^. If i e Pf,_^ \ X then ab is the only 
secant line to X passing by t. 

We define a morphism 

zu := ^ X : BlxFl^ x P^+. 

The morphism w has a birational inverse 

: P^ C P^ X P3^ Blx^l^ 

defined as follows. We define on the open set of P^ given by the couples {x,t) s.t. 
X ^ a + b is a point of P^ s.t. a b and t e {PA \ X}. We send {x,t) G P^ on 
IJ>~^{t) G Blx^lj^- Then by Zariski's main theorem the morphism zu induces an isomor- 
phism between Blx^l^ ^^d P^. □ 

Let 

/3:P(^©Op2) -^P^ 
be the natural projection and rj the composed map 

77 : P£: --^ P^ ¥l. 

Since the map (p is given by the quadrics in the ideal of C C P^, there exists a morphism 

ip : BlcFt, |2e| 
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that makes the following diagram commute. 

BlcK 
I \^ 

p;^, --^ 1261 

UJ I I 

We will denote Fq the blow-up of |26| = at the point [O © O] and ptq the morphism 
that resolves the projection A with centre [O © O] and that makes the following diagram 
commute. 

p3 p2 

The morphism 

pro -.Fl^Fl 

defines a P^-fibration on P^ hence P^ = PM for some rank 2 vector bundle M on P^. We 
denote F = PToP^ ^ P^ the exceptional divisor over the origin in P^ . The vector bundle 
M is defined up to a line bundle L, because, as projective varieties PM = P(M © L), so we 
choose M once and for all as the vector bundle s.t. 

(9pM(l) = Op3,(i^). 

Lemma 2.0.13 We have the equality 

M = Cp2 © Op2(l). 

Proof: We have M* = pro*Op3^(-F) and we consider the restriction exact sequence 

Op3^ — . Op3,(F) OpiF) ^ 0. (9) 
We push down via prQ the exact sequence ([9]) and we get 

— > Op2 — > M* — > Cp2 (-1) — > 0. 
This means that M* determines an extension class (e) in Ext^{0{—1), O). We remark that 

Ext\0^.{-1),0^.) = H\FlO{l)) = {0} 
thus M* is the trivial extension, i.e. 
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M* = C>p2 ©C>p2(-1). 

□ 

By Proposition 11.2.21 we have ip~^{0) = S, so there exists a morphism 

^ : BlsFt ^ F% 
that makes the following diagram commute. 



BlsK 




i 


\^ 


BlcK 




i 


\^ i 


K 


--^ |2e 



We will denote g the composed map 

, : BlsK ^K^K 

and vr the projection 

TT : Bls^^, > Kr 

Proposition 2.0.14 Let 5* C Pf, 6e the cone over the twisted cubic X of Proposition \L2^ 
Then there exists an isomorphism of projective bundles on 

^ BlsK 

K- 

Proof: Let a; G P^, a + 6 the divisor on X corresponding to x and s G fSx- We recall that 
£^ is a sub-bundle of Ops^ (g) H^{uj^)*, thus we have an embedding 

j -.FS ^ P,^, X P,^,. 

UJ UJ 

Moreover we have 
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j{FS,) ^xx{a + b + A(a) + X{b)) C P^. 
We will often consider F£ as a sub- variety of P^ x P^- We also remark that 

j{FS,) n P2 X P3^ = k{FA.) = xxd,. 

We define a morphism 

w' -.^ {q,t:) : BlsK K^K- 

The morphism w' has a birational inverse 

w'-^ : P£: C P^ X P^ BlsFl 

defined as follows. We define vd'~^ on the open set of P£ given by the couples (x, s) s.t. 
X = a + 6 is a point of P^ s.t. a ^ b and s e {FS^ \ S}. The pair {x,s) is sent on 
7r~^(s) G Blsf"^. Then, by Zariski's main theorem zu' induces an isomorphism between 
BlsF^ and P^.D 

We recall that we denoted E the exceptional divisor of SZxIP^+- 
Theorem 2.0.15 The restricted map 

4>\e:E-^ P2 

is a morphism of degree 2 ramified along the conic that is the image of ¥V via the quadratic 
Veronese embedding Ver2- 

Proof: We recall that E X xf^ . Moreover we remark that (i)\E is given by the differential 
of if and we have 

0|{a}xPi : P(iVx|p3,„)^p2. 

Let a, 6 G X, then we have 

0(a6 — {a, 6}) = a + 6 G \oj^\- 

Let G TaP^ the tangent vector to P^ with direction ab. Then, since the line ab is contracted 
to a point, we have 

4>{vb) = a + b e \uj'^\. 

Furthermore, every normal vector v ^ ^{Nx\w^,a) is of type Vi, for a point b & X. This 
implies that 
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0({a} X pi) = Da := {a + b\b G X}. 

The line Da C is the tangent line at the point 2a to the conic in P^ obtained as the image 
of the Veronese morphism 

Ver2:FV |Opi(2)|* = P^; (10) 

p ^— s> 2p. (11) 

Let a + b he again the divisor on X corresponding to x G P^, then the fiber 0~^(x) in 
X X P^ = P(Xx|p3) is composed by two points {(a, a), (&,/?)} if x is not contained in the 
conic. We also remark that if x is a point contained in the conic the fiber is just one point. 
This defines a degree 2 covering ramified along the conic. □ 

We will denote E the exceptional divisor of -B^sPf, = ^S. We have 

E = f3-^{E). 
Proposition 2.0.16 The restricted map 

^^^,E^E^F^¥l 

defines a conic bundle 

Proof: The situation is the following 

EC F{A®0)= BlsK 
IP \^ 
Eg FA = Blx'Pl^ — > P^ 

Let us consider the composed map 

r/|P^:=ao/3|p^:P^-^p2. 

The fiber of r] over a point x G P^ is a rank two conic if x ^ Ver2{F^) and a double line if 

X G Ver2(P^)n 

Proposition 12.0.161 and Theorem 11.2.71 imply the following theorem. 
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Theorem 2.0.17 The morphism 

(p : Bls{¥^) ¥l 

is a conic bundle whose discriminant locus is the blow-up at the origin of the Kummer surface 

Remark 2.0.18 Moreover we remark that the conic Ver2{^^) is the tangent cone at the 
origin of the Kummer surface. 

Remark 2.0.19 We recall that Pic{¥A) = I?, notably 

Pic{¥A) = X (7*e)p2 (1)Z. 

We also recall that the map 

P^j; 1-^ ah; 

that sends the fiber over x on the secant line ah to X is the projection of the blow-up of P^_,_ 
along X, hence ^"^{X) — E. 

Lemma 2.0.20 We have 

/x*Op3^(i) = a^(i). 

Proof: Our aim is to determine two integers l,k & Z s.t. 

/i*C»p3^(l) = Op^(/)®a*C»psW• 
Since the map /i is the projection of the blow-up of P^_,_ along X, we have / = 1. Now we 
need to determine k. We have 

and by projection formula this is equal to i?°(P^_,_, Cp3^(l) (g) /x*Cp^). Since the fibers of /i 
are connected 

Therefore 

H%FA,i^*0^3^^{l)) = i/°(P^+,0p3^(l)) = Sym'V. 
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By taking the cohomology of the exact sequence we get an isomorphism 

H\Fl,A*)^ Sym^V. (12) 

In order to determine k we compute H'^iFA, (9p^(l) (g>o"*Cp2 (A;)). By the projection formula 
we get 

H%FA,Op_Ail) ^ (T^Op^ik)) = H''{¥l A* ^ Op2{k)). (13) 

We twist the exact sequence d?!) by the line bundle Cp2 (fc) and we take the cohomology of 
the obtained sequence. This leads us to conclude that the equality 

H\Fl,A* ® Op2(A;)) = Sym^V 

is possible only for k = O.D 

Now we compute the class of the exceptional divisor E in the Picard group of P^. 
Theorem 2.0.21 We have an isomorphism in Pic(PA) 

0{E)p^ ^ Op^(2) ® a*Op2 (-1). 
Proof: First we compute the first factor. We recall that the restricted map 

defines a degree 2 morphism ramified along a smooth conic (Thm. 12.0.150 . If x G then 
the intersection E^ = E H FAx is made up of two points. This implies that 

0{E)pA = (^p^(2) ® a*Op2 (m), 
for some m G Z. We have the following equalities. 

H%FA,0{1)) = H\Fl,a.OM^)) = H%FlA*). 

Let a,b & X and let x G P^ be as usual the point corresponding to the divisor a + b. Let us 
consider a smooth quadric Q C |Xx(2)|. Then we have 

/i-i(g) = E + i?Q c |Op^(2)|, 

where we denote by Rq C FA the residual divisor. Moreover, we have either ah C Q, or 
abnQ = {a, b}. 
We define 

CQ:={a + b = x e P^l^ C Q} 

and Rq = a'^^Cq). 
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It is well known that, since Q is smooth, we have an isomorphism Q = P"*^ x via the Segre 
embedding and that X <Z Q can be seen as the zero locus of a bihomogeneus polynomial of 
degree (1, 2). 

This means that we have an embedding 

X = ^ Q = P^ X pi; 
[u:v\ ^ {[u^,v\[u,v\). 

This implies that, if we choose a p e P^ and we let t vary in the other P^, the lines of the 
ruling {t} X p intersect X in two points. The lines of the other ruling of Q intersect X in 
just one point. Let a be the following morphism 

a: pi — , pi; 

[u : v] I— > [u^ : v'^]. 

Then we have a linear embedding 

C»(l)) ^ 0(2)) 
and the line F{a*{H°{X,0{l)))) is Cq. This implies that 

and thus 

Opa{E) = Op^(2) ® a*Op2 (-1). 

□ 

The morphism (f then makes the following diagram of projective bundles on P^ commute. 

^ \ y pro 

K 

The pull back (f* induces a homomorphism 

(p* : Pic{¥l) — ^ Pic{¥{A e Op2 )), (14) 
and both Picard groups are isomorphic to Z x Z. 
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Proposition 2.0.22 The homomorphism of equation [l4\ ) is the following. 

Z X Z — > Z X Z 
(a, 6) 1^ (2a, 6 — a). 

Proof: We have the following equalities: 

Pic(P^) = ZOp3^(l) X Zpr*Op2 (1); 
Pic{nA®0)) = ZOp(^eo)(l) X Zr/*Op2(l). 

Moreover, since pro o ip = r], we have 

<^(0,6) = (0,6). 

We recall that we chose F in such a way that (9p3^(l) = (9p3^(F), this means that we have 
This implies 

(a, 0) ^— (2a, —a). 

□ 

As a consequence of the last proposition, we have 

<f*0^^^{l) = 0^e{2)®V*0ri{-l). (15) 
Furthermore (f induces a natural morphism 

Op3^(l)-^(^,<^*Op3^(l). (16) 

By applying pro* to the morphism (fT6l ) and using the equality (fTSl ). we obtain a morphism 
of sheaves on 

^* ■.pro.Op^^il) = 0®0{-l) = M* —^r],{Ops{'2)®r]*Op2 {-!)). 
By the projection formula, 

V*{Ok{2) ® r7*Op2 (-1)) ^ Sym\A* © Op2) ® Op2 (-1). 

Remark 2.0.23 We showed that FM* defines a W^-hundle on P^. Let y e^l and let c,d 
be the points of X s.t. y is the divisor c + d on X . We recall that C is a degree 2 covering of 
X = FV. Then P(^ © 0)y C Pf, is the P^ generated by the two pairs of points of C whose 
images in X are respectively c and d. The fiber PM* is in fact the pencil of conies in ¥Sy 
that pass by these four points. 
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Lemma 2.0.24 We have 



h\FlA*{-l)) = 0. 

Proof: We twist the exact sequence (JT]) by the vector bundle Op2(— 1) and we find 

— ^ 1/ ® C'ps (-2) — > Cp2 (-1) ® Sym^V — > A*i-l) — > 0. 
By taking cohomology, we get 

h%FlOi-l)) = h\FlOi-2)) = 0. 
This gives us the first equality. Then, we have 

h\FlO{-l)) = 

and by duality 

H\Fl,0{-2)) ^ H'{FlO{-l), 
hence /^^(P^, 0{—2)) = 0. This implies the second equality.D 

Lemma 2.0.25 We have 

h°{Fl,Sym'A*) = 10. 

Proof: By twisting the exact sequence dTj) by A* we obtain the following exact sequence. 

— > A*{-1) ®V — >A*® Sym^V — > A*"^ — > 0. 
This implies that we have 

H^{Fl, A*^) ^ H°{Fl, A*) ® Sym^V) = Sym^V ® Sym^V, 
and therefore h^lF"^, A*"^) = 16. Moreover we remark that 

h\Fl, A*^) = h\Fl, A^A*) © h\Fl, Sym^A*). 

By taking determinants in the exact sequence (I7j) we get that /\^ A* = (9p2 (2) and /^^(P^, /\^ A*) 
h°(Fl, 0(2)) = 6. This implies directly the lemma.D 

Lemma 2.0.26 We have 

h%FlSym'A*i-l)) = l. 
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Proof: We twist the exact sequence (JT]) by the line bundle ^*(— 1) and we get the following 
exact sequence. 

— > A*{-2) O 1/ — > A*{-1) ® Sym^V — > A*'^{-1) — > 0. 
By passing to cohomology we have that 

h\Fl,A*{-l)) ® Sym^V = /i°(P^, X(-l)) ® Sym^V = 0. 
Thanks to Lemma [2.0.241 we have then 

H\Fl, A*\-l)) = H\Fl, A*{-2)) O V. (17) 
We twist the exact sequence ((71) by the line bundle Op2 (— 2) and we get 

— >V (g) Op2 (-3) — > Cp2 (-2) ® Sym^V — > ^*(-2) — > 0. 

Moreover we remark that /ii(p2,0(-2) = and /^^(P^ , C(-3)) = 1. By duality /^^(P^, £>( -2)) 
h%Fl,0{-l)) = 0, then 

h\Fl A*{-2)) = h^(Pl, Oi-3)) (g)V = 2. 

The equality ^ implies that h^^Fl, A*'^{-1) = 4. The vector bundle A^^-l) decomposes 
as Sym'^A*l-l) © A^^*(-l)- Since 

2 

h'{Fl,/\A*{-l)) = h'{FlO{l)) = 3 

we have that 

h%Fl, Sym^A*{-l)) = 4-3 = 1. 

□ 

Corollary 2.0.27 We have 

cizm(Hom(Cp2 © Op2 (-1), Sym^{A* © Op2 ) ® Op2 (-1))) = 16. 
Proof: We will denote 

B := Hom(C»p2 © Op2 (-1), Sym'^{A* © Cp2 ) © Op2 (-1)). 

We have 

B = H\Fl, Sym^A* © C»p2 © ^* © Sym^A*i-l) © Op2 (-1) © ^*(-l)). 
Summing the dimensions of the direct summands we have 

dimB = 10 + 1 + 4 + 1 = 16. 

□ 
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Remark 2.0.28 The projective plane = "^Syirn^V does not depend on the curve C , be- 
cause V is an abstract vector space. Since it is defined by the exact sequence\% even A does 
not depend on the curve C . 

This means that to a given a genus 2 curve C we can associate a conic bundle over P^, 
notably the bundle defined by the section 

(pc e P5. 

Its discriminant locus is the blow-up (at the origin) of the Kummmer surface = Jac{C)/± 
Id. In this way we build a moduli map 

S : {smooth genus 2 curves} 

C 

Lemma 2.0.29 Let Y a smooth projective variety, 

f:G^Y 

a conic bundle, then there exists a rank 3 vector bundle F on Y, a line bundle L and one 
section q G H^{Y, Sym?H ® L^) for some integer k, s.t. G is the zero scheme of q in the 
projective bundle FF. 

Proof: The proof follows that of Proposition 1.2 of |Bea77| . The assertion is equivalent to 
the existence of a line bundle on G inducing the sheaf Oc^i^) on every fiber Gg. More 
precisely we will have H = f^N. If we consider the sheaf of differentials of maximum degree 
ug then by the adjunction formula we have ujg\Gs — ^Gs ^md ug, = Og,X~^)- Then we take 
N = uJc\D 

Proposition 2.0.30 Let 

if : BlsFt 

be the conic bundle of Theorem \2.0.11[ Then Blsf"^ is a divisor in the total space of the 
bundle ¥{pr^£) on P^. 

Proof: Let y eFq, then we have 

Then the rank 3 vector bundle associated to if is prQS.D 

Moreover BlsF^ = FS. This means we have the following diagram, where the lower square 
is a fiber product. 
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In this diagram Z is the embedding of -B^^Pf, in ^{jn-^E^ induced by the universal property 
of fiber product. 



3 Stability and deformations of A. 
3.1 Stability 

In this section we will go through the question of the stability of A and we will calculate its 
space of deformations. Let H be the hyperplane class that generates Pzc(P^). If we take the 
cohomology of the exact sequence [7] (and of its dual sequence) and we compute the Chern 
polynomials we find that 

ci(^) = -m, 

c^{A) = ?,H\ 
ci{A*) = 2H, 
C2iA*) = 3H^ 

Then we have that the slope fi{A*) = 1. 

Remark 3.1.1 If we twist by (9p2(l) the exact sequence{2\ that defines A* we get 

— > C»p2 ® H%C,uj) — > Op2{l)®H%C,io^)+ — > A*{1) — > 0. (18) 
According to fDK9S^ a bundle on P" that has a linear resolution like ^*(1) a Steiner bundle. 

Definition 3.1.2 Let K be a complex projective manifold with Pic{K) = Z and E a vector 
bundle of rank r on K. Then the bundle E on K is called normalized if Ci{E) G {— r + 
1,...,— 1,0}, i.e. if —I < fii^E) < 0. We denote by Enorm the unique twist of E that is 
normalized. 

The following criterion for the stability of vector bundles on i^' is a consequence of the 
definition. 

Proposition 3.1.3 ( Hoppe) JHL 9 7|/ Let V be a vector bundle on a projective manifold K 
with Pic{K) ^ Z. // H^{X, ^Wnorm) = for any I < Q < rkV - I, then V is stable. 
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Theorem 3.1.4 The vector bundle A on is stable. 

Proof. -We remark that Pic{Fl) = Z and that ci{A*{-l)) = 0, this means that Al^^m = 
^*(— 1). By taking the cohomology of the exact sequence [TSl we remark that H^{A*{—1)) = 
0. By proposition 13. 1.31 then A* is stable and this in turn implies that A is stable. □ 

3.2 Deformations of A 

Before computing directly the dimension of the space of deformations of A, i.e. dim{Ext^{A, A)), 
we need some technical lemmas. 

Lemma 3.2.1 We have 

h\FlA*)=0, 
h\Fl,A*) = 0. 

Proof: We take the cohomology of the exact sequence [7] and we get 

^ H\Fl, A*) H\Fl, ^ H\Fl, O) H\FI, A*) 0. 

By duality we have H\Fl,0{-l) ^ H%Fl,0{-2)) and H\Fl,0) ^ H°{Fl,0{-3)) and 
both spaces are zero dimensional. This implies our statement. □ 

Furthermore, we recall that H°{Fl,A*) = H^{Fl,uj^) + . 
Lemma 3.2.2 We have 

h%FlA*{l)) = 10, 
h\Fl,A*{l)) = 0, 
h\Fl,A*il)) = 0. 

Proof: We take the cohomology of the exact sequence [18] and we get 

^ H\C, uj) H\Fl 0{l)) ® H%C, Lu')^ ^ H\Fl, A*{1)) ^ H\FI O) ^ 

H\Fl 0{1)) ^ H\Fl A*{1)) ^ H\Fl O) H\FI, 0{l)) ^ H\FI, A\l)) ^ 0. 
Since h^{Fl, O) = 0, we have h°(Fl,A*{l)) = 10. Moreover, by duality we have also 

h\Fl, 0{1)) = h\Fl O) = h\Fl 0{l)) = 0. 
Hence h^{Fl,A*{l)) = h^{Fl,A*{l)) = O.D 

We are ready to state the main result of this section. 
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Theorem 3.2.3 The space of deformations of A has dimension equal to 5. 

Proof: We twist by A* the dual of the exact sequence [7] and we obtain the following. 

— >A*®A — >A*® H\C, uj% — y A*{1) ® H\C, u)* — > 0. (19) 
By taking cohomology we get the following long exact sequence 

^ if°(P^, A*0A) — > H%Fl, A*) ® uj'% — > H\Fl, A*{1)) ® H\C, u)* ^ 

^ H\Wl, A*®A)^ H\¥l, A*) (g) H\C, u% ^ H\¥l, A*{1)) ® H\C, uj)* ^ 
^ H\¥l, A* ® A) H\¥l, A*) ® H\C, uj% ^ H\¥l, A\l)) ® H\C, uo)* ^ 0. 

Lemma [3.2.21 and Lemma [3.2.11 imply that /^^(P^,^* ® A) = Moreover we have that 
dimH^{^l,A*) ® H\C,u% = 16 and dimH^Fl, A*il)) ® H^Ccu)* = 20. This in turn 
implies that 

h\Fl, A*0A)- h\Fl, A* ® ^) = 20 - 16 = 4. 
Now H'^(Fl,A* 0A) = Ext^{A,A) and, since A is stable 

dimHom{A, A) = h\Fl, A* ® A) = 1. 
This means that h^(Pl,A* (g) A) = S.D 
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